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-i

Def.Acollection A of subsets of - issaid to bea i-system
if

A,B -> A => ArB - A.

② A collection of subsets of is said to be a X-system if

(i) ->G;(ii) If A, B- L, Al B, then BAGL;
(ii) If Anth andAnYA, then AED.

Thm(Dynkin's T-1 ihm

Suppose that J isa system and isa i-system such that

pc2.
Then 8(P) = h.

-

Thms.2. In order for X., ...In to be independent, it is sufficient
that for all a,..., an->70,...,+0],

P( X,sa,..., Xnsan) =1P(Xi.ai). (*)

Pf. Let Asbe the collectionof sets of the form Xi'(0, 0.1,i=1, ..., n

Then Al is a t-system for each 1.



By(*), A., ... An are independent. So byThis,

o(A11, ...,5(An) are independent.
But5(Ai) =5(Xi), so

X...... An are independent.

Thi u.s. Suppose Fi,5, Lizn, 1.35-m(i) are independentand
let

G=0m2ic). Then G., ..., gn are independent.

Pf. Getorbe the collection of sets of the form
ms"Ai,jwith Ai,j74is.

Then Ais a i-system for each i.

Notice thatA.. ... An are independent, so

9..". In are independent.

Thme. 4. If Xi,j, i, .,n, ljamis are independent and

f.: (Ri(i) -> 1Rare measurable,then

fi(Xi,n...; Xi,n(is) are independent.



pf. Let (i,j =5(Xi,j). and Gi =5)psi).
Then fi(x,,,..., Ximsis) (gi(**).

To see (**), itsuffices to show that for each AtB)RUCis),

(Xi,1,..., Xi,m(is)
*

A Egi. (***),

Write

j:=SACS)Rmsis): (Xi,, ,..., Xim(is)
"

At 9: 3.

clearly, J is a sub-algebra of B/Rmcis) and

I contains the connectionof sets of the form
A,x... x Amsis with AEB(IR).

Since this collectiongenerates SCRmsis), it follows that

5 =B(Rmcis),
which implies (***). I

Nextwe wouldlike to investigate the distributionand expectation
of independent riv.'s.



This.5. Suppose X., ..., Xn are independentrus andXihas

distribution Mi, then (X., ..., Xn) has distribution Mix...xMn.

Pf. Write

y =5 A=B(1"):P((X, ..., Xn) <A) =Mx... xMn(As3.

clearlyI is a X-sytem. Notice that

5 ESA.x... xAn:A.."; Amt BCI)
- -

a it-system
Hence

a > o(A,x... xAn=Ar....AnG BC1R(3)
=> B(1"). I

Thms. 6. Suppose X, Y are independentwith distributions M and 8.

Let h:(RRbemeasurable so that either his or

StIdxU so, then
=> h(X,Y) =Shduxu =SS h(x,y)dM(x) dO(n).

Pf. By the 2.5, (x,Y) has distribution 4xU. Then

bythe change variable formula,
=> h(x,y) =Shd(x2)

Fubini JS f(x.3) dU(xidU(Z)



Cor.2.7. Suppose X,..., Xn are independent such that either

cas Xizo for axion or

(b) E(Xilso.

Then E( X.... Xn) =EXi. I

Nextwe consider sums of independenttr's.

#m2.8:Let X, Y be independent, F(x=P(Xsx), G(z)=P(Y S3).

Then for each ZEIR,
&
"The convolution of

P(X+Y(z) =(F(z - 3)dG(3).
F and G "

Pf. Set h(x,y) =1Sx+3pz). Then

P(X+Y - z) =Eh(X,Y)

=(( "19x+ykz3du(xidv(z)
..=S(x,yz-yydm(x,dv(z)
&

= (()- 0,z-y1dv(z)
=(F(z -2765(). A

Remark:J fCZdG(Z) means S f(ZidW(3).



Application:Let X, Y be independent r.c.'s-

suppose X has density & and Y has density 90
Then

X+ Y has density

f*g(z) =(f(z - y)g(2)dy..

Construction of independent rev's:

Here we construct a sequence of independent rvis X,X,...

LetDr, "iDn, ..., be a sequence of
Bowel probabilitymeasures on R

DefineNT
=S( ,...., wn,...) : Wi-IR), where N =

=5,2....3

For w =(Wiief (RAP, define

Xi(w) =wp.

LetS(IRNT) bethe algebra generated bythe finite dimensional
sets (W:witBi,pisn) with BitB(R).

Thm) Kolmogow's extension thm) Let Me be prob. measure on
SIRY, B(RUS), m=1,2, ..., suchthat



Finx)(a,b, 1x... X(an,bn]x(R) =Mn(a),b,1x... x(an,bnz)
Then I a unique prob. measure Pon (IR** BCINT) such that

P (sai,b,1x... X (an,bnDx(R*T) =Mr(san,b,1 x...x (an,bn]).

Set(n = 3,x...x yr. Write

P =B,Yn

Then Xiews, ..., Xnsws, ... are independent ·

52.2 Weak law of large numbers.

Def. We say
In converges to X if for each a so

himP((Xn-X( s) =0.

Def. A family of hrs, Xi, is, are said to be uncorrelated

if
E(XiXj) =EXiEX;for itj

Lemma:· Suppose X., ..., Xn are uncorrelated with E(XP)32.

Then Var (x,+... -Xn) =Var (X) +... -Var(Xn),
where Var (X) =5)) X-M)") =E(XY)- r5.



· Var (<X) =1 Var(X).

Lemma:Let Pso. Suppose Eln1->0 then Into inprob.

Pf. Let 220. Then bythe Chebysher inequality

Plnks} <tznl" to as n+ 0.

#

Thm2.9) & weak law of large numbers).

Let X., Xr, ..., be uncorrelated rus with EX. = i and

Var (Xi) <- C <o.

Then itXn -> iinprob.

Pf. Set Sn =x,5...+Xn.

Let 220. Then

P(/7-m)<s) = nM)
= 2 · Var (X, t... +Xn)

= a (Var(X,) +... +Var(Xn))
↳ a -> as n+0.



Sc.3 Borel- Cantelli lemmas

LetAnc -h, n=1,2,...

Write

Simsup An =mAn
=> Sw:w>An 5.0.)

Thm) Borel-CantelliLemmasuppose PSAn) so.
Then 1) An i.0.) =0

Pf. Since , PCAn(so,

imIPSA.0

So PCEmAn)semPSAn) to as man

Hence P) limsupAn) <P) CnAn) to as m+r.

#,



As another application of the Bovel-Cantelli Lemma, we have the
following version ofstrong law of large numbers.

thm 2.11. LetX.,X2, ..., be i.i.d. with EXi=M andEX.sco.

Then lin nt
Xn
as.


